pled to (− 1 6 R)φ where R is the scalar curvature.
Similarly, the Dirac equation in curved spacetime is ( 2 − m 2 − 1 4 R)φ = 0.
which is ( 2 −m 2 )φ = 0 (again, the Klein-Gordon equation in flat spacetime) coupled in this case to (− 1 4 R)φ where R is the scalar curvature.
(In the above expressions, 2 is the special relativistic invariant D'Alembertian.)
The Dirac equation in flat spacetime in presence of electromagnetic field is [1] :
From this formula, it was determined that the topological charge for fermions in flat spacetime cannot be quantized [1] .
To examine the quantization of topological charge in curved spacetime for bosons and fermions
By operating on the component of the field vector in curved spacetime, [3] we get
φ c is a component of a field vector and it appears on both sides of the above equation.
The solution of the Klein-Gordon equation in the absence of electromagnetic field A can be regarded as one component of Dirac's vector field solution.
+ terms in g ab , Γ, φs, and ∂s 2 is the special relativistic invariant D'Alembertian, therefore
for the minimal coupling case, (
In the presence of electromagnetic field Since the equations for both fermions and bosons in curved spacetime reduce to the same equation for fermions in flat spacetime, and since topological charge for fermions in flat spacetime was shown to be not quantized [1] , we can therefore conclude that for bosons obeying the minimal coupling, Klein-Gordon's equation, the topological charge in curved spacetime is not quantized.
Similarly, for the case of bosons obeying the coupling to the scalar curvature, and for fermions, which correspond to adding − 1 6 R and − 1 4 R respectively [2] , the topological charge in curved spacetime is not quantized. This remains true because these additions will not affect the form of inhomogeneity of (equation 1). Because this equation is inhomogenous, we were able to find out that the topological charge for fermions cannot be quantized. Similarly, since the topological charge in curved spacetime for fermions and bosons follow the same form, we conclude that the charge is not quantized in either case. Thus, we conclude that the topological charge is quantized for bosons and not quantized for fermions whereas the instanton solution could not distinguish between the two cases.
